Abstract: A critical aspect in operations management is to represent the firm goals properly. This is usually done by translating the organisational results and objectives in 'performance measurements'. The scientific literature shows many applications in different fields such as quality, production, logistics, marketing, etc. Nevertheless, a general theory formalising basic and application concepts is still lacking. This paper shows a classification of 'performance indicators' in manufacturing, providing a mathematical structure to the concept of 'indicator'. This approach is based on the formalism of the Representation Theory. All the mentioned concepts are explained and discussed through practical examples.
risk that, if they lead to counter-productive decisions and actions, the result would be deleterious.
The advantages and disadvantages of performance measurement are emphasised by Melnyk et al. (2004) . Having the aim of giving a few initial theoretical grounding for the metrics research topic, those authors provide a general definition for metric, and a first classification based on their 'focus ' (quality, manufacturing, operational, financial, etc.) and their 'tense' (i.e. how the metrics are intended to be used: for outcome analysis, prediction, comparison among competitors, etc.).
If there is no doubt about the metrics importance, a general theory, which is able to model metrics from a formal point of view, is still lacking. In the literature, a few preliminary attempts to provide a mathematical structure to the concept of an indicator have been presented (Franceschini et al., 2005b; Melnyk et al., 2004) .
The aim of this paper is to classify the different categories of indicators, providing formal definitions and descriptions of them. Concepts of an indicator and a set of indicators are discussed in detail. Furthermore, indicators are classified as subjective, objective, basic and derived using the typical formalism of the Representation Theory (Finkelstein, 2003) .
Theoretical considerations
To understand the definition of an indicator, the concept of measurement must be reminded. According to the Representation Theory of Measurement, a measurement is a 'mapping' from an empirical relational system (the 'real world') onto a representational relational system (usually, a numerical system) (Roberts, 1979) . The definition of measurement is strictly related to the notion of representation-target. A representationtarget is the operation aimed to make an empirical system, or part of it, 'tangible' to perform evaluations, make comparisons, formulate predictions, take decisions, etc. In a given process, one or more different representation-targets can be defined. For example, if a system is the 'logistic process' of a company, the two possible representation-targets are 'the efficiency of suppliers' and the 'management of the manufactured goods inventory'. Usually, different dimensions of a process can be observed. Each dimension corresponds to a system aspect to represent.
Given a representation-target, we define A as the set of all the possible empirical manifestations of a process, A = {a 1 ,…, a i ,…} and R as the family of empirical relations (i.e. equivalence, order, composition, etc.) among the elements of A, R = {R 1 ,…,R m }, then the empirical system Ε can be defined as Ε = 〈A, R〉.
Analogously, if Z is a set of symbols Z = {z 1 ,…,z i ,…} and P is a family of relations among the elements of Z, P = {P 1 ,…,P m }, then the symbolic system S can be defined as S = 〈Z, P〉.
Generally, a measurement is an objective empirical function, which maps A onto Z and R onto P (Finkelstein, 2003) . Therefore, the two mappings are defined as follows (see Figure 1) : M: A→Z homomorphism (this mapping is not one-to-one). Separate but not distinguishable manifestations, according to the representation-target, are mapped onto the same symbol.
F: R→P isomorphism (the mapping between the empirical and the symbolic relations is one-to-one).
Figure 1 Schematic representation of the concept of measurement
Note: It should be noted that the homomorphical mapping M is not one-to-one. Separate but indistinguishable manifestations, according to the representation-target, are mapped onto the same symbol. In this figure, two indistinguishable manifestations -a 1 e a 2 -are mapped onto the same symbol z 1 .
According to a representation-target and referring to the Representation Theory, an indicator 'I' can be considered as a homomorphical mapping from the manifestations of an empirical system onto the manifestations of a symbolic system. In other words, an indicator operationalises the concept of representation-target. However, the isomorphical mapping between the empirical and symbolic relations, unlike measurement, is not required (see Figure 2 ).
Figure 2 Schematic representation of the concept of indicator from the Representation Theory point of view
Note: An indicator (I) homomorphically maps a set of real empirical manifestations (A) onto a set of symbolic manifestations (Z). In formal terms I: A→Z.
As a result, the concept of an indicator includes the concept of measurement, but vice versa is not true. On the basis of the Representation Theory, measurements can be considered as a subset of indicators (Franceschini et al., 2005b) . We note that, for measurements alone, relationships among the empirical manifestations (equivalence, order, composition, etc.) are isomorphically linked to the relationships among the symbolic manifestations. In other words, the relations among symbolic manifestations reproduce the relations among the real manifestations. This is not true with indicators.
Consider, for example, the representation-target 'inventory of the machines of a manufacturing company', implemented by the indicator 'name of the machine'. This indicator associates each machine (empirical manifestation) to the corresponding name (symbolic manifestation). Naturally, there is no order relation among the empirical manifestations (machines), which corresponds to the alphabetical ordering relation among the symbolic manifestations (names of the machines). So, the 'name of the machine' is only an indicator, not a measurement. The order relation among the symbolic manifestations does not correspond to the any existing relation among the real manifestations.
Furthermore, a complex representation-target can be split up into different dimensions. Each dimension can be described using one or more indicators. Consequently, to represent and to operationalise a complex representation-target, we may use a set of indicators (each indicator referring to a specific dimension):
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The condition of 'uniqueness' of representation
Given a representation-target, we cannot conceive a tool that algorithmically generates a set of associated indicators. Such a tool should generate a chain of operations normally carried out by a 'modeller', such as: the definition for a set of indicators, which are assumed to be proper; test and verification; correction of the model; further verification (Roy and Bouyssou, 1993) . It can be shown that, given a specific representation-target, the related indicator (or indicators) is not univocally defined (see Figure 3) (Franceschini et al., 2005b) . The most evident consequence is that we may have at least two different ways to describe the same representation-target. In addition, given two sets of indicators for a specified representation-target, the existence of mathematical transformations linking them is not always guaranteed. This entails that similar representation-targets may not be comparable if represented by different indicators. As different possible sets of indicators may be found, to represent the same representation-target, some questions may arise: 'What is the best way of selecting?' and 'Are we sure that the representation is complete?'. In this paper, we present a taxonomy of indicators and discuss their main properties.
Local and global performance
As already explained, a complex representation-target can be split up into different dimensions. For each dimension one or more indicators can be used. As a result, a complex representation-target can be operationalised by a set of indicators. Generally, for a system modelled by indicators we may define two kinds of performances. (Franceschini et al., 2005c) .
Definition 1: Local performance is the performance of a process, from the point of view of a single indicator (single dimension of the representation-target).

Definition 2: Global performance is a more general performance, which considers more dimensions of the representation-target. It is based on a full of local performances. If the process studied is complex, local performances cannot always be summarised by single information. Frequently, the criteria to synthesise the local performances can be questionable and are based on 'dangerous' simplifications
Indicators classification
A complex process can be represented by many indicators. Even if the information available is much, the number of indicators must not be too large, to avoid the complication in the representation of the system (Melnyk et al., 2004) . As a result, two questions may arise: 'How to know the number of indicators needed?' and 'How to select and handle the different indicators?' Before dealing with these problems, it is reasonable to classify the main typologies of indicators and describe their peculiarities. For this reason, the existing literature has been examined.
While several indicators are used and described, there are relatively a few studies that focus on a general classification of them. This paper proposes a general classification, without entering into the specific fields of application. In the following sections, the fundamental categories of indicators (subjective, objective, basic and derived indicators) are examined and discussed.
Set of indicators
In the representation of a generic process, selected indicators make up a set or a family. Generally, each indicator represents a dimension, which is a distinguishing aspect of the process studied. The concept of a set of indicators is schematically represented in Figure 4 . Additionally, in some specific situations, it is possible to define an aggregated indicator that summarises the performance of the set of indicators.
Objective and subjective indicators
Having identified the empirical and the symbolic systems of the process studied (with the respective manifestations and relations), indicators are classified into two main categories: objective and subjective.
Definition 3: Objective indicators objectively associate the manifestations of the empirical system to the manifestations of the symbolic system. The mapping does not depend on the subject performing it.
Consider, for example, the indicator: 'number of goods produced in a plant during a defined period of time'. The empirical manifestation (production of the plant) can objectively be connected to the symbolic manifestation (number of products). Different subjects (or automatic devices even) determine the same final number, by counting the units produced.
Definition 4: Subjective indicators map subjectively empirical manifestations onto symbolic manifestations, on the basis of subjective perceptions or opinions. The result is that distinct individuals can map the same empirical manifestation onto different symbolic manifestations.
For example, indicators such as 'the customer satisfaction for a specific product' or 'the personal opinion on the style of a car' are usually confined to personal perceptions or opinions. In this case, empirical manifestations are mapped onto symbolic manifestations, depending on the subjective evaluation scale for everyone.
Basic and derived indicators
Indicators can also be classified into two more categories: basic and derived. This example shows that, given a representation-target, the same indicators can be aggregated in different ways. Each aggregation is an action of responsibility that can lead to 'wrong' results, if improperly carried out (Roy and Bouyssou, 1993) . Additionally, the example shows that some derived indicators may be aggregated into a higher-level derived indicator.
By extending this concept, we can imagine to define a 'super-indicator', synthesising all the aspects of the process investigated. After defining the basic indicator, the real challenge is to collect them together, 'in order to set up a model, which provides general information on the process global performance' (Melnyk et al., 2004) . The global performance of a system can be seen as a derived 'super-indicator' that summarises all its most important dimensions (see Figure 6 ). 
The representational approach for derived indicators
The concept of derived indicator can also be interpreted according to the Representation Theory. The empirical system of a derived indicator is given by the combination of the symbolic manifestations of the aggregated indicators. The derived indicator omomorphically maps this combination into further symbolic manifestations (see Figure 7) . The aggregation of several indicators into one derived indicator are not always simply achievable, especially if the information to synthesise is assorted. Let us consider, for example, the case of a manager of a manufacturing company who decides to reengineer a particular product to improve the quality and reduce possible failures. Firstly, he searches for the most significant defects in the product and then he tries to sort them in order of priority. Each possible failure is associated with two indicators: the index of the estimated gravity (g) and the frequency (f).
These indicators are aggregated into a single derived indicator called Priority Index (PI).
where PI is the priority index (aggregated performance), f is the failure frequency (local performance) and g is the estimated gravity index (local performance).
The detected failures are sorted by PI values in a descending order. This method seems to be easy, but it may result to contradictory conclusions. For instance, the order of priority may change unexpectedly, depending on the encoding of the index of estimated gravity (g). Let us analyse the following example. The index of gravity is evaluated by using two scales: α and β. Either of them is subdivided into four ordered levels (L1, L2, L3, L4) encoded in two different ways (see Table 1 ).
Table 1
Encoding of the index of estimated gravity (g) by two different scales Table 2 gives the derived indicator PI, obtained by using the two different scales to evaluate the estimated gravity index g.
Table 2
Comparison between two different methods of encoding the gravity index g
In this case, under the same conditions, the ordering of two generic defects (FAILURE n.1 and FAILURE n.2) changes depending on the scale of g. The indexes of estimated gravity (empiric manifestations) are encoded in integers (symbolic manifestation). This operation introduces new relations among the symbolic manifestations, which empirically do not exist. For example, as specified by encoding α the '4' value is four times the '1' value, … (ratio properties). In the origin, the only relation among empirical manifestations is the order relationship (L4 > L3 > L2 > L1).
A brief outline of the indicators properties
The classification of indicators is a starting point to identify the properties that they should have, to properly represent a generic process. We examined the existing literature, which are describing lots of properties and definitions often unstructured and presented in different ways by authors. Researchers have identified several criteria to consider when selecting individual performance indicators for manufacturing as well as for business functions in general. Table 3 gives the classification suggested by Sheffi (1994, 1995) . This figure summarises the main properties of indicators, presented in the literature by a few authors. As given in Table 3 , the organisation of the properties is quite variegated, without an organic reference structure. A structured taxonomy of indicator properties is still lacking. Table 4 proposes a new categorisation that will be discussed in Section 4.1.
Table 3
Comparison of different individual properties of indicators (Caplice and Sheffi, 1994) Note that the general properties are useful to test all sorts of indicators, basic or derived. In Section 4.1, we focus on these specific properties.
General properties
In this section, four important properties of single indicator are described as follows.
Consistency with the representation-target
According to the definition, each indicator should properly operationalise a representation-target. An indicator omomorphically maps all the empirical real manifestations onto corresponding symbolic manifestations. This mapping is a preliminary operation that should be fully controlled before using the indicator (Denton, 2005; Rathore and Andrabi, 2004 ). This concept is well expressed in the following example. Referring to the representation-target 'sales of a manufacturing company', the indicator (I s ) -'total number of goods sold during the whole year' -is defined to represent the process. Later, company managers realise that it would be more useful to provide quarterly information on sales to estimate the seasonal trend. Consequently, a new indicator ′ ( ) s I , representing the total number of goods sold quarterly, replaces the first one (I s ). According to the representation-target, the second indicator is more accurate than the first one. It comprehends a few important empirical manifestations (quarterly information on sales) that are ignored by I s .
Level of detail
An indicator with an excessive level of detail often provides more information than required. It can complicate the analysis and be economically wasteful. In addition, if an indicator maps two empirical manifestations, which should not be distinguished according to the representation-target, onto different symbolic manifestations, then the level of detail could be higher. where I i is the indicator investigated, z 1 , z 2 are the different symbolic manifestations and 1, 2 are the states of the system. Consider, for example, the case of a manufacturing company producing metal screws. They use the following representation-target: the 'daily production rate of screws'. If the corresponding indicator (I) represents the 'daily weight of screws' with an accuracy of ±1 g -being reasonable ±10 kg -then it has an excessive level of detail.
In other words, if the mapping is more accurate than required, two different empirical manifestations, which are indifferent according to the representation-target, can be unreasonably distinguished (i.e. two different daily productions of screws: I(1) = 652.321 kg/day and I(2) = 650.000 kg/day).
On the other hand, an indicator's level of detail could be lower than required. In such a situation, important information on the process studied could be lost. In addition, if an indicator maps two empirical manifestations, which should be distinguished according to the representation-target, onto the same symbolic manifestation, then the level of detail could be insufficient. where I i is the indicator studied and 1, 2 are the states of the system.
Economical impact
The economical impact of an indicator strictly depends on the nature of the system studied. This impact can be studied in relative terms, by comparing two different indicators operationalising with the same representation-target. Generally, we cannot assert whether the indicator I′ is economical in absolute terms, but we can only assert that the indicator I′ is more (or less) economical than the indicator I″. To study and compare the economical impact of different indicators, we have to set up a mapping on the basis of their economical effects. Such a mapping cannot be defined in only one way. It depends on the nature of the process studied. For instance, one of the most common mappings is based on the expenses to collect information (see Figure 8) . Consider, for example, dimensional measurements. To check hole diameters two alternatives can be pursued, by giving two different indicators: I 1 is diameter measurement, taken by using an accurate calliper. To check each hole, the time taken is 9 sec. I 2 is the result of a manual testing, using a calibrated shaft that has the minimum reasonable diameter. The time needed is 3 sec. In case the cost for the measurements is directly proportional to the time spent, then the indicator I 2 can be considered three times more economical than the indicator I 1 .
Simplicity of use
This property, as the previous one, can be studied in relative terms, by comparing two different indicators operationalising the same representation-target. Analogously, to compare alternative indicators, we have to set up a mapping on the basis of their simplicity of use. The mapping should be 'multidimensional' to consider all the following aspects:
• the indicators should not be too complex, to avoid overloading the employees with work • the indicators should be easily understood and effectively used
• the indicators should have a clear distinct feature to be largely accepted by the employees and • the information that the indicators need should be easy to be found.
Conclusions
This paper provides an exploratory classification to discriminate the main typologies of indicators. The classification is performed at a general level, without entering the specific fields of application. The concepts of indicator, set of indicators, dimension, basic and derived indicators, subjective and objective indicators, are individually analysed, using a symbolic/mathematical -and not exclusively descriptive -approach, drawn from the Representation Theory.
We particularly focused on the derived indicators. They obtained on aggregating a few indicators, and they may synthesise many different aspects of the system observed.
A future work will consider an in-depth analysis of the indicator' set and derived indicator' properties. The classification of indicators -given in this paper -will be useful for further study.
